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Abstract Synthetic differential geometry occupies a unique position in topos-theoretic
physics. Nevertheless it has appeared somewhat too conceptual to physicists in general,
partly because it has appeared to lack computational aspects. Its computational facets are
really concerned with computation of the quasi-colimit of a finite diagram of infinitesimal
spaces, or equivalently, with computation of the limit of a finite diagram of Weil algebras.
Indeed we have been forced to do a highly involved computation of the above kind by
hand in our previous papers (Nishimura, H. in Int. J. Theor. Phys. 36:1099-1131, 1997 and
Nishimura, H. in Int. J. Theor. Phys. 38:2163-2174, 1999). The principal objective in this
paper is to show that Grobner bases techniques provide us with means that relegate such
computations to computers.

Keywords Weil algebra - Limit - Equalizer - Grobner basis - Elimination theory -
Synthetic differential geometry - Zero-dimensional ideal - Topos-theoretic physics

1 Introduction

Synthetic differential geometry, in which nilpotent infinitesimals are visible geometrically,
is expected to play a predominant role in topos-theoretic physics (cf. [4]). Nevertheless it has
appeared somewhat too conceptual to physicists in general. Physicists prefer computations,
while synthetic differential geometers have so far made little account of computational as-
pects. In using orthodox differential geometry, physicists enjoy computation in local charts,
while the main objects of study in synthetic differential geometry are microlinear spaces, in
which coordinates are generally out of touch. The lacking of coordinates make physicists
feel somewhat alienated, but we should stress that computation of the quasi-colimit of in-
finitesimal spaces, or equivalently, computation of the limit of Weil algebras play the same
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role in synthetic differential geometry as computation in local charts does in orthodox dif-
ferential geometry. Even such computational aspects in synthetic differential geometry have
appeared still too conceptual to many poor physicists. The principal objective in this paper
is to show that they can be relegated to computers.

We denote by R the set of real numbers. The category of R-algebras and their homomor-
phisms is denoted by R — Alg, while its full subcategory of finitely presentable R-algebras
is denoted by R — Algy,. Since we deal exclusively with commutative algebras in this paper,
commutativity is not explicitly stated. It is well known (cf. [5, Appendix A]) that

Theorem 1.1 Let E be a category with finite inverse limits and an R-algebra object R. Then
there exists, up to isomorphisms, a unique functor Specy : (R — Algfp)"p — E preserving
finite inverse limits and taking R[x] to R.

A Weil algebra (over R) is a finite-dimensional R-algebra 20 subject to the following
conditions:

(1.1) 20 is a local ring in the sense that for all @, b € 20, if a + b = 1, then either a or b is
invertible.

(1.2) 20 can be written as 20 = R @ m, where the first component is the R-algebra structure,
and the second is the maximal ideal of 20.

The reader should note that m is nilpotent by Nakayama’s lemma, for which he or she is
referred to Corollary 3.16 of [9, Chapter I]. For some characterizations of Weil algebras,
the reader is referred to Theorem 3.17 of [9, Chapter I]. In particular, a Weil algebra 20U is
representable as an affine R-algebra R[xy, ..., x,,]/1, in which there exists a natural number
k with x} € I for any indeterminate x;.

A homomorphism of Weil algebras from a Weil algebra 20, to another (possibly the
same) Weil algebra 20, is a homomorphism of R-algebras from 20, to 20, mapping the
maximal ideal of 2, into the maximal ideal of 20,. We denote by WI the category of
Weil algebras and homomorphisms of Weil algebras, which is a subcategory of the category
R — Alg. It is well known that the category R — Alg is finitely complete. In Sect. 2 we will
show that the category W1 is also finitely complete. We will give a necessary and sufficient
condition for the coincidence of the limit of a given diagram in WI with that in R — Alg.
The limit of a diagram in WI is called good if it happens to be the limit of the same dia-
gram in R — Alg. The notion of a good limit is important, because it is well known (cf. [6,
Proposition 1.2]) that

Proposition 1.2 Let E be a Cartesian closed category with finite inverse limits and an
R—algebra object R. Let us assume that E and R satisfy the following Kock—Lawvere ax-
iom:

(1.3) For any Weil algebra 13, the natural R-algebra homomorphism
R ® 20 — RSPRED)

is an isomorphism.

Then the functor RSRO : W1 — E takes good finite limit diagrams to limit diagrams.
Conversely, if a finite diagram in Wl is taken to a limit diagram in E by the functor RSP*R0)
then the diagram is a good limit diagram, provided that T'(R) =R, where T is the global
sections functor.
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In synthetic differential geometry, the notion of a smooth manifold in orthodox differ-
ential geometry should be replaced by that of a microlinear space. Just as local charts en-
able orthodox differential geometers to transfer from R to smooth manifolds, good finite
limit diagrams in W1 enable synthetic differential geometers to transfer from R to micro-
linear spaces. This makes the study of Weil algebras downright central in synthetic differ-
ential geometry. For textbooks on synthetic differential geometry, the reader is referred to
[5.7, 9]

The principal objective in Sect. 3 is to give an efficient algorithm for calculating finite
limits in WI. The calculation of limits of finite diagrams in any finitely complete category
is reducible to the calculation of products and equalizers, because the limit of a finite dia-
gram is representable in terms of products and equalizers, for which the reader is referred
to [8, Chap. V, §2]. Here the calculation of the limit of a finite diagram in W1 means ex-
actly the presentation of the limit of the diagram as an affine R-algebra, provided that each
object in the diagram is presented as an affine R-algebra. The calculation of the product of
two Weil algebras in the category WI is simple enough. If the two Weil algebras are pre-
sented by R[xy, ..., x,]/I and R[y, ..., y,]/J as affine R-algebras, then their product is
represented by R[xy, ..., Xu, y1,..., ya]/K, where K is the ideal generated by 7/, J and
X; y}s (1 <i<m,1<j<n). The calculation of equalizers in WI is not so simple. We
must solve linear equations and evoke the elimination theory, in which familiar Grobner
bases techniques should be invoked. Our standard reference on the theory of Grobner bases
is [1].

Fortunately or unfortunately, synthetic differential geometry has dealt with so simple dia-
grams that synthetic differential geometers have not felt the need of such algorithms keenly.
This is why they have been content with their naively combinatorial arguments. The remark-
able exception is [10—12] general Jacobi identity, for which a moderately involved diagram
should be considered. The limit diagram for the general Jacobi identity lies on the verge
of feasibility of naively combinatorial arguments, which is why the general Jacobi identity,
though being fundamental in synthetic differential geometry and even in mathematics, had
remained to be discovered for so long. We hope that our new algorithm will transmogrify
the landscape drastically in manipulation of diagrams in WI, just as the theory of linear
equations has made the calculation of the value of two unknown quantities from their unit
total and the total of one of their attributes everyone’s job. It is generally believed that zero-
dimensional ideals render an attractive forum to the theory of Grobner bases, and we hold
that the theory of Weil algebras and the study of zero-dimensional ideals can and should
weave together.

Section 2 is devoted to a short course on the category of. In Sects. 4—-6 we deal with three
examples. The examples of Sects. 4 and 5 are so simple that the reader might feel that we are
pedantic and frothy enough to brandish and trot out our new algorithm in such simple cases.
We contend that the best way to understand a new algorithm is to apply the algorithm to some
well understood examples. The last example dealt with in Sect. 6 is moderately involved.
To deal with such an example without our algorithm is to calculate the respective numbers
of cranes and tortoises from the totals of their heads and legs without knowing the theory
of linear equations at all. It is feasible as we did in [10, 11], but the spirit of algebra and
algorithm traced back to medieval Arabians has encouraged us to find out a more systematic
way. For the geometrical background of Sects. 4 and 5, the reader is referred to [3, 6]. For
the geometric background of Sect. 6, the reader is referred to [10-12].
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2 The Category of Weil Algebras

The category R — Alg is well known to be finitely complete. We would like to show that the
category Wl is also finitely complete. It is easy to see that

Proposition 2.1 R is a terminal object in the category WI.

Given two Weil algebras 20; = R @& m; and 20, = R & m,, their product is defined as
R & m; @ m,, in which the multiplication in 20, = R @ m; and 20, = R @& m, persists, while
it is stipulated that the multiplication of any element of m; and any element of m, should
vanish. The product is denoted by 20; @ 20,. The mapping (a, m;,m;) e R@m; G my —
(a,m;) € 2T, is denoted by 7, while the mapping (a, m;,m;) e R@&m; dmy — (a,m;) €
27, is denoted by ;. Then it is easy to see that

Proposition 2.2 For any Weil algebras 20, and 20,, the diagram
2, <9, 9, > 20,
is a product of 20, and 20, in the category WI.

Note that, given two arrows ¢ : 20; — 20 and v : 20, — 20, in WI, there exists a
unique arrow ¢ @V : 20, @2, — 20, @2, in WI such that 7y o (¢ ¥) = ¢ o 7 and

mo(p@Y) =y om.
It is also easy to see that

Proposition 2.3 For any parallel arrows 20, = 20, in the category W), its equalizer
Weo — W, =20, in the category R — Alg belongs in its subcategory WI.

Theorem 2.4 The category Wl is finitely complete.

Proof This follows simply from Propositions 2.1-2.3 by dint of Theorem 1 of [8, Chap. V,
§2]. O

Let U; : Wl - R — Algand U, : R — Alg — R — Mod be forgetful functors, where
R — Mod is the category of linear spaces over R and their linear maps. Let M : Wl —
R — Mod be a functor assigning, to each Weil algebra, its maximal ideal and, to each ho-
momorphism of Weil algebras, its restriction to maximal ideals. Every category is uniquely
decomposed into connected categories, each of which is called a connected component. For
the definition of the connectedness of a category, the reader is referred to [2, 2.6.7.¢], or [13,
Definition 9.1.1].

Theorem 2.5 Let F : J — WI be a finite diagram of Weil algebras. Then U;(Lim F) and

Lim U, o F are naturally isomorphic iff the category J is connected.
<~

Proof It suffices to show that U, o U, (Lim F') and U, (Lim U, o F) are naturally isomorphic.

It is easy to see that

UyoUj(LiImF)=R+LimMo F (2.4)
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while
Uy(LimU, o F) =R" + LimM o F, 2.5)

where mis the number of connected components of J. Therefore the desired statement fol-
lows. ]

3 Algorithms

In order to calculate finite limits in W1, it suffices to calculate finite products and equalizers
in WL The calculation of finite products in WI is straightforward. Given two Weil alge-
bras 20, and 20, as affine R-algebras R[xy,...,x,]/I and R[yy, ..., y,]/J respectively,
20, @2, is represented as an affine algebra R[x;, ..., x,, ¥1,..., yu]/K, where K is the
ideal generated by I, J and x;y; for all natural numbers i, j with 1 <i <nand 1 <j <m.

¢
We will present an algorithm for calculating equalizers. Given parallel arrows 20, — 20,
v
in Wl with 20, =R ® m; and 20, =R ® m,, letey, ..., e, and f;, ..., f, be linear bases of

m; and m, respectively. Since ¢(m;) C m; and ¥ (m;) C m,, there exist aij, b{ eR(1<i<
pand 1 < j <g) such that

q
ple) =Y alt), 3.1)
=1
q .
y(e) =Y bt (3.2)
=1
By solving the linear equation
all e a}’ Xl b{ e b;’ X]
_|- S (3.3)
a? e az xP b? e bZ xP
we get (c],...cl), ..., (c},...c) as a system of fundamental solutions of (3.3). We let gi
be

P
g=) ce (1=<k=<r. (3.4)
i=1

Therefore, given x € 20;, we have ¢(x) = v (x) iff it is a linear combination of

1,91,...,9-. Thus we get an equalizer W, = R @ m,, where my, is generated linearly
by gi,..., 9.

Our story of equalizers in W1 is not over. Although gy, ..., g, are linearly independent
by definition so that there is no linear redundance among gy, ..., g,, it may be the case,
by way of example, that g; is representable as a polynomial of g, ..., g, so that g; is R-
algebraically redundant. Therefore we must find out a subset g, ..., g, of gi,...,9,, for
which there is no such R-algebraic redundance. Once we find such a subset g, , ..., gk, of
g1, ---,0r, we have to find out the ideal of relations among gy, , ..., O, -
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We assume throughout the rest of this section that 20, and 20, are finitely presented as
affine R-algebras R[x, ..., x,]/I and R[yy, ..., y,]/J respectively. Let us start on the first
task.

Theorem 3.1 Let gy, ..., 9, be polynomials in R[xy,...,x,]. Let | <r. Let I be an ideal
in the R-algebra R[xy, ..., x,]. Let G be the reduced Grobner basis for the ideal (I, w; —
g1, ..., W, — @) in the R-algebra R[w, ..., w,, x1, ..., x,] with respect to an elimination
order with the x variables larger than the w variables and, at the same time, the variables
Wit1, - .., W, larger than the variables wy, ..., w; (e.g., the lexicographic order w; < - - <
W < Wpp << W, <Xp < --- < Xy,). Exactly speaking about the elimination order, we
have, for any power products X, X' in variables x,, ..., x,, any power products Wy, W/ in
variables wi1, . .., w, and any power products Wy, W, in variables wy, ..., w;,

X<X
X=X and W, < W|
or
X=X Wi=W and W, < W,.

XWi W, < X'W|W; iff (3.5)

Then the R-subalgebra U of R[x, ..., x,]/I generated by g, + I, ..., g, + I is already
generated by g1+ 1,...,9, + 1 iff G N R[wy, ..., w,] contains a polynomial wy — b, with
b € Rlwy, ..., w] (I + 1 <k <vr). In this case, G N R[wy, ..., w;] is a Grobner basis for
the ideal of relations among wy, ..., w; with wy representing g, + 1 (1 <k <), and we
have g + 1 =b(g1+1,....,90+ 1) U+ 1<k <r).

Proof In order to get the first conclusion in the theorem, it suffices to apply the discussion
in the proofs of Theorems 2.4.7 and 2.4.13 of [1] to the R-algebra homomorphism from
Rlwy, ..., wi]to Rlwqq, ..., wg, X1, ..., x,]/K assigning g + K to wy (1 <k <), where
K is the ideal (I, w41 — @i+1, ..., W, — @) in the R-algebra Rlw;4, ..., wr, X1, ..., X,],
where it is established in the course that we have g + I = b (g1 +1,...,00 + 1) (+ 1<
k <r) in this case. That if one of the equivalent conditions in the first conclusion holds, then
G NR[wy, ..., w,] is a Grobner basis for the ideal of relations among wy, ..., w; with wy
representing g + I (1 <k <) follows by Theorems 2.3.4 and 2.4.10 of [1]. O

This theorem gives the following algorithm for our first task.

Algorithms 3.2 (Weeding out R-algebraic redundance)

Input: arbitrary generators g, ..., g, of the R-algebra Q..

Output: generators gy, . .., gy, of W, without R-algebraic redundance.

1.Let X ={g;,...,9,} and Y = ¢ (the empty set).

2. Choose g from X and ask whether g is in the R-subalgebra generated by (X — {g;}) U
Y, which is decidable by Theorem 3.1. If the answer is yes, then let X := X — {g;}. If the
answer is no, then let X := X — {g,} and Y := Y U{g,}. Repeat this process until X becomes
empty.

3. Output Y.

Now we turn to our second task. This can be carried out by the following familiar algo-
rithm, for which the reader is referred to Theorem 2.3.4 and Theorem 2.4.10 of [1].
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Algorithm 3.3 (Computing a Grobner basis for the ideal of relations)
Input: generators g, , ..., O, of the R-algebra Q..

Output: a Grobner basis for the ideal of relations among gy, , ..., Ok, -
1. Compute a Grobner basis G for the ideal (I, w; — gy, ..., Wy — gk, ) in the R-algebra
Rlwy, ..., ws, X1, ..., X,] with respect to an elimination order with the x variables larger

than w variables, where gy = g; + 1 (1 <k <r).
2. Output G N R[wy, ..., wg].

If the number r of the linear basis g, ..., g, of my is not so large, as is the case in
the following three examples to be discussed in the succeeding sections, it is not difficult to
guess putative generators of the R-algebra 20, by writing out the multiplication table. If our
putative generators indeed generate the R-algebra 20, with or without R-algebraic redun-
dance, we can confirm this by using Theorem 3.1, in which the ideal of relation among these
putative generators is obtained as a by-product. Of course, in order to know whether there is
R-algebraic redundance among these putative generators, we must invoke Algorithm 3.2.

4 The Main Limit Diagram for the Ambrose—Palais—Singer Theorem

Itis very important in the synthetic proof of the Ambrose—Palais—Singer theorem to calculate
the equalizer of the following parallel arrows:

U =4, 4.1)
p
where
U=R[uy, uz, vy, v21/ (3, u3, v}, v3), (4.2)
U =Rlx,y,z1/(x*,y*, 2%), 4.3)
a@) =z, ay)=vi,  alz) =, (4.4)
B(x) = uz, B(y) =uyvy, B(z) = uyvs. 4.5)

Let f € 20, which is of the following form:

f=a+ax +ay+ayz+anx* +apxy + a;xz + ajpx’y

+ aii3x’z + anaxyz + ajoax’yz. (4.6)
It is easy to see that

2.2
a(f) = a+ ajujuy + avi + azvy + anuiu; + anuuavy + apiiavy
2.2 2.2 2.2 47
+ appuiuzvy + apzuiusvy + a3 U V1V + a23U ULV ;. 4.7
On the other hand we have
2
ﬂ(f) =a-+ajuy; +au vy +azu vy +a11u2 + apuiurvy + apzuuyvy

2 2 2 2.2
+ arpuiusvy + ayzuiusvy + apsiua vV + a3t jus v v, (4.8)
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Therefore f is in the equalizer of (4.1) iff the coefficients of f are previous to the following
linear equations:

al = az = a3 = 07 (4.9)
ap =0, (4.10)
aip =ays =ap; =0. 4.11)

Thus we can see that f is in the equalizer of (4.1) iff it is a linear combination of the following
linearly independent polynomials:

1, (4.12)
Xy, (4.13)
Xz, (4.14)
x2yz. (4.15)
It is easy to see that
(4.13)(4.14) = (4.15). (4.16)

Let’s compute the reduced Grobner basis of the ideal (x3, y2, 22, xy — wy, xz — wy, x2yz —
ws3) in the polynomial algebra R[x, y, z, w;, wy, ws] with respect to the lexicographic order
7>y >x>ws;> w, > wj, which goes as follows:

2 .2 2 2 3 2
g= {wl, Wy, WjW2 — W3, XW W2, X" Wi, X W2, X", YW, Xy — Wi, Y,
—zw + yws, Zwa, X7 — W, 2°}. (4.17)
Therefore we have
2 .2
G NR[wy, wy, w3] = {wy, w3, wiwy — ws}, (4.18)

which reconfirms (4.16). The diagram (4.1) is now seen to be completed into the following
equalizer diagram:

W Sy — L, (4.19)
B
where
W, = Rlwy, wal/(w?, w), (4.20)
Ooo(wy)) =xy and @y (w,) = x2z. 4.21)

It remains to show that there is no R-algebraic redundance among the generators w; + I,
wy + 1 of We, where [ is the ideal (w?, w3). This goes as follows:

(4.22) The reduced Grobner basis of the ideal (w?, w3, v; — wy, v, — wy) in the polynomial
algebra R[w;, wy, vy, v,] with respect to the lexicographic order w, > w; > v > vy
is G = {vf, v%, v — wy, V2 — Wy}, so that Gy NR[vy, vr] = {vf, v%}. This means by
Theorem 2.1 that w, + [ is not R-algebraically redundant among w; 4 I and w, + 1.
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(4.23) The reduced Grobner basis of the ideal (w?, w3, v; — wj, v2 — wy) in the polynomial
algebra R[w;, wy, vy, v2] with respect to the lexicographic order w, > w; > v, > v
is Gi = {v3, v3, v; — wy, v2 — wy}, so that G; N R[vy, v] = {v?, v3}. This means by
Theorem 2.1 that w; + [ is not R-algebraically redundant among w; 4 I and w, + 1.

5 The Main Limit Diagram for the Strong Difference

We would like to find out the limit of the following diagram:

v
= Wy
d
20,

where
U=Rluy, ur1/(ui, u3, uyus),
W, = Rlxy, x21/(x7, x3),
2, =RIyi. »21/ 1. 33).
P(x1) =uy, P(x2) =u,
Y (y) =u, Y (y2) = us.

To this end, it suffices to calculate the equalizer of
2, W, =4,
14
where
W, W, =RIxy, x2, 1, 21/ (X%, X3, Y2, Y2, X191, X1 Y2, Xa)1, X2¥2),

o(x1) =uy, @(x2) = ua, @) =0, @(y2) =0,
Y =0,  Y)=0, YO)=u,  YO)=u.

Let f € 20, @ 20,, which is of the following form:
_ 1 1 1 2 2 2
f=a+axi+a,x+apxix+ajy +ayy: +apyiy.

It is easy to see that
of)=a+ allul + azluz.
On the other hand we have

1/~/(f) =a —l—a%ul +a§u2.

5.1

(5.2)
(5.3)
5.4
(5.5)
(5.6)

6.7

(5.8)
(5.9)
(5.10)

(5.11)

(5.12)

(5.13)
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Thus we can see that f is in the equalizer of (5.7) iff the coefficients of f are previous to the
following linear equations:

all=a]2 and a%:a%. (5.14)

Thus we can see that f is in the equalizer of (5.7) iff it is a linear combination of the following
linearly independent polynomials:

1, (5.15)
X1+ yi, (5.16)
X2+ y2, (5.17)
X1X2, (5.18)
Yiy2. (5.19)
It is easy to see that
(5.16)(5.17) = (5.18) 4+ (5.19). (5.20)

Let’s compute the reduced Grobner basis of the ideal (x7, x3, y7, ¥3, X101, X2V1, X1 2, X2 2,
X1+ Y1 —wy, Xa+ Y2 — Wy, X1 X3 — W3, ¥1 Y2 — W4) in the polynomial algebra R[x, x2, yi, 2,
wi, Wy, w3, wye] with respect to the lexicographic order y; > y, > x; > x5 > wy > w3 >
w, > wy, which goes as follows:

2 2 2 2
G ={wy, w3, wiws3, Waws, W3, W Wy — W3 — W4, —W3 + W X2, WrXa, W3X2, X7,

2
WiX], —W3 + WoX1, W3X|, —W3 +X1X2, X7, —Wa + X2 + Yo, —w; +x1 + 31}, (5.21)
Therefore we have
2 2 2
G NR[wy, wy, w3, wa] = {wy, wy, ww3, Wow3z, W3, WiWy — W3 — Wa}, (5.22)

which reconfirms (5.20). The diagram (5.1) is now seen to be completed into the following
limit diagram:

¥
U <—2
, T T o (5.23)
Yoo
Qﬂl < QITOO
where
Woo = Rlwy, wa, wsl/(w}, w3, w3, wiws, waws), (5.24)
Yoo (W) = X1, Yoo (W2) = X2, $oo(w3) =0, (5.25)
Yoo (W) = y1, Yoo (W2) = ¥2, VYoo (W3) = y1)2. (5.26)

It remains to show that there is no R-algebraic redundance among the generators w; + 1,
wy + I and w; + I of W, where I is the ideal (w}, w3, w3, wiws, wows). This goes as
follows:
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(5.27)

(5.28)

(5.29)

The reduced Grobner basis of the ideal (w7, w?, wiws, waws, w3, v — Wy, V2 —
wy, v3 — w3) in the polynomial algebra R[w;, w;, ws, vy, va, v3] with respect to the
lexicographic order w3 > w, > w; > v3 > v, > v is G = {vf, v%, VU3, VU3, v%,
v — wi, Uy — Wy, V3 — w3}, so that Gy NR[vy, va, v3] = {vlz, v%, VU3, VU3, v%}. This
means by Theorem 2.1 that w3 + I is not R-algebraically redundant among w; + I,
wy + I and w; + 1.

The reduced Grobner basis of the ideal (w7, w3, wiws, waws, w3, v; — Wy, vy —
w3, v3 — wi) in the polynomial algebra R[w;, w;, w3, vy, v2, v3] with respect to the
lexicographic order w3 > wy > wy > v3 > vy > vy is Gy = {v}, viva, V3, Vov3, V3,
V3 — Wi, V] — Wy, Uy — w3}, so that G, NR[vy, vy, v3] = {v%, VI V2, v%, VU3, v%}. This
means by Theorem 2.1 that w; + I is not R-algebraically redundant among w; + 1,
w2+landw3+l.

The reduced Grobner basis of the ideal (w?, w?, wiws, waws, w3, v — w3, v —
wy, v3 — Wy) in the polynomial algebra R[w;, w;, w3, vy, va, v3] with respect to the
lexicographic order w3 > wy > wy > vy > vy > vy is Gy = {v}, vjva, V3, Vyv3, V3,
vy — Wi, U3 — Wy, V1 — w3}, so that G3 NR[vy, va, v3] = {vf, v V2, v%, VU3, v%}. This
means by Theorem 2.1 that w, + I is not R-algebraically redundant among w; + I,
wy + I and w; + 1.

6 The Main Limit Diagram for the General Jacobi Identity

We would like to find out the limit of the following diagram:

where

20,
O(l E{l
N
s1]169(1]2 ‘131@‘1]

2

T "‘122 O‘g] T s (6~1)
an QHS
23 23
PURSPIS)

By =Rluy, uz, usl/(uj, u3, u3), 6.2)
m2 = IR[‘Ul , U2, U3]/<U%, Ugv U%)a (6'3)

2 .2 .2 .2 2 2 2
2, = R[x1, x2, X3, X4, X5, X6, X71/{X], X3, X3, X}, X5, Xg, X7, X2X3, X2X5,
X3X4, X4X5, X2X6, X3X6, X4Xg, X5X6, X1X7, X2X7, X3X7, X4X7, X5X7, X6X7). 6.4)
2 .2 .2 2 2 2 2
W = R[y1, 2, ¥3. Y4, ¥5, Y6, Y11/ (V1> Y3+ Y35 Vs Y55 Yo Y75 Y1Y25 Y155

V2Y4, Y45, Y165 Y2V6s Ya V6> Y5Y6» Y1Y7: Y215 Y3V7, YaY7, Y5Y7, Y6 V1) (6.5)
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2 .2 2 2 .2 2 2
W3 =Rlz1, 22, 23, 24, 25, 26> 271/{21+ 22> 23 24> T5+ L5» 275 21225 T124s

2223, 23245 21265 22265 23265 24265 21275 22275 23275 2427, 2527, 2627) » (6.6)
ap,(x1) =up 4 vy, aly(x2) = us, aly(x3) =2,
ah () =us,  a(xs) =vs, (%) =uaus, @y (x7) =0, (6.7)
o3, (x1) = up + vy, aj,(x2) = v, o3, (x3) = uy,
a3, (x4) = v3, a3, (xs) = us, a3, (X) = urus, a3, (x7) = ujusus, (6.8)
ah, () = vy, a,(v2) = uy, ab,(v3) = us + vy,
af,(v4) = vs, ab, (vs) = us, ab,(ve) = uyus, ab,(y7) =ujuous,  (6.9)
a5 () =ui, as () = v, a33(3) = uz + va,
an() =us,  an(s)=vi,  anx0e) =uwuz, a0 =0, (6.10)
an@)=v,  en@)=u,  an@E)=v, @32 =u,
@y (zs) =us+vs,  on(ze) =uiua,  0a3(27) = uiaus, (6.11)
a3 @) =u, g =v,  033) =u,
@3 (z) =v2,  od (@) =us+uvs, 03 (ze) =wua, a3 (z7) =0. (6.12)

To this end, it suffices to compute the equalizer of

¢
W, oW, W = V10V, 0V, 6V, 8V, >, (6.13)
v

where, if 7; : 20, W, §W; — 2; (1 <i < 3) denotes the canonical projection and
0i - U180, DV, &V, BV, &V, — UV, $Y, denotes the canonical projection to the ith
V180, nU, 8L,V UV, DV, SV, (1 <i <3), then ¢ and  are characterized as
follows:

plogozallzom, pzo<p:a§3onz, and p_;ogo:ozglorr_g, (6.14)

pLoy = a3 omy, proy =aj,0m, and p3oi =aioms. (6.15)

Let f € 20, © 20, @ 203, which is of the following form:

1 1 1 1 1 1 1 1 1
f=a+ax; +ay,xo+a3x3 +a,xs + asxs + agxe + a;x7 + a;px1 X2 + a;3x1x3

1 1 1 1 1 1 1
T+ auX1X4 + a15X1X5 + A1 X1 X6 + AryX2Xg + A35X3X5 + Aoy X1 X2X4 + A135X1X3X5

2 2 2 2 2 2 2 2 2
+aiyi +ayy2 tayys +ayys+asys +agys +a;yr +apyiys +apyiya

2 2 2 2 2 2 2
+axy2y3 + aysy2ys + a3 y3ya + azsy3ys + aze Y3 Ve + Ay3aY1Y3Ya + Ay35Y2¥3)5
+d 3 3 3 3 3 3 3 3 3

ajz1 +ayz +a3z3 + a4 +as2s + age + a327 + aj32123 + a152125 + 4342224

3 3 3 3 3 3
+ ays2225 + a352325 + a352425 + A562526 + A135212325 + Ar45222425- (6.16)

Let U, @000, @V V1 ®Vr = Rluy, ua, uz, vi, va, v3, u}, uh, uf, v, V5, V5, uy, uj,

uy, v

"
1°

"o 2 .2 2 .2 2 .2 2 2 2 2 2 g2 2 2 2 2 2 2
vy, V3] / (uy, uz, w3, 07, 03, V3, UYL Uy UL U, U, VY, U, Uy, U, VYT, 0y, UsT
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WQVL, U1V, UG U3, Wy, Uy Uy, Uiy, W VY, UV, Wy Vs, Wyl u iy, iy, uiv], ugvy, ugvs,
UV, UpVy, UpV3, Unll, Uplly, Uplly, UV, UpVh, U VG, Unll), Uslt, Uty Un V], UV, U VY,
U3V1, U3V, U3V3, U], U3UYy, ULy, U3V, U3VY, U3V5, UL, Uzl , U3y, uzvy], usvy, uzvy,
ViU, Vil Uiy, V1V, V10, VU5, V1Y, Vi, viuh, v1v], vivs, vy, vau), valth, vauk, vav],

Vo), Va5, Vall], Valty, Ualt}, Vo], Va5, V2 V5, U3lt], U3ty V3UG, U3V, U3V, U3V, U3iLY, vsit),
vsuy, v3v], V35, V3VY, vy, W vy, wi vy, wiul, wuh, whuy, wi vy, uivl, wi vy, uhvl, uhvg,
USV3, UHUY s Uyl UGUS, UR VY, WYY, UHVS, RV, USVY, UGS, UAUY, U3y, USUY, USV], u3V),
uivy, vy, viuy, viuy, vivy, vy, vivy, vaul, viuy, viu’y, vy, vivy, vyvy, viul, viuy,
viug, viu], vivs, vivg, ufv], uivy, w vy, uivl, uivy, ulvy, ufvy, uivy, ujvy).

It is easy to see that

of)=a +a]1(u1 + vy) —|—a21u2 + a3] vy + aflu3 —|—a§v3aéu2u3 +a1'2(u1 + vuy
+ 0113(141 + Ul)vz +a114(u1 + 1)1)1/[3 +11115(M1 + Ul)U3 +a116(u1 + vl)u2u3
+ a£4u2u3 + a3'5v2v3 + all24(u1 + vy)uousz + all35 (uy 4+ v)vovs + alzu/l
+a3vy + a3 (uy + v)) + aguy + asv + aguiuy + atyu (uy + v))
+ gy + ay vy (uy + )1+ azsvivs + a3, () + vhu + azs iy + v)vy
+ a3y + Vy)uuy + afyu () + vy + agsv (uh + vy + ajuf
+ayv] + ajuy + a3y + a3 (uf + v5) + aguiuy + ajsufuy + ajsu (i + v

" '’

" 3 . n " 3 M "
+v3) +azsuy (uz + v3) + agsvy (uz + vs

3 . 3 e
+ ayv vy +aysvy (ug

+adg(uf + v Uuy + aysuuy Uy + v + az50] 05 Wl + v5)
=a+ allul + allvl + a2'u2 + a31v2 + aiu3 + a5'v3 + a}zuluz + all3v1v2

+ a114u1u3 + a115v1v3 + ((1214 + aé)u2u3 + a315v2v3 + (a116 + a1124)u1u2u3

+ay3s 010203 + atuy +a3v) + ajuy + ajvy + ajuy + a3vy + ajyuiuy + ay vy

+ (ag + ajujuy + azsvivs + azgubu’ + a3svhvy + (a3 + ajsuubul

+ g5 vy Vs + ajul +a3vy +agu + ajvy +asuf + asvi + (ajs +ag)uu;

Al + sl adso o] g+ e+ (el

+ a3,5v] vy vy (6.17)
On the other hand we have

v =a —|—a11(u1 +vy) +a21v2 +a31u2 +ajv3 +a51u3 + a61u21/t3 + a7'u1u2Lt3
+al,(uy +v)vy +als(uy + v)ug +ag(uy +v)vs + ajs g +vi)us
+ alg(uy + v1)usuz + ar,v203 + agsitaus + ajyy (uy + v)v2v;
+ a1135 (uy + v)uous + alzvi + a%u’1 + ag(u’2 +vy) + aivé + aszug
G + i+ @) + ) + a0+ s+ v))
+ agsuyuy + a3y + vp)vs + a3y + vpu'y + ase(u) + vh)ujus
+ atsyv) (uy + v + apssuy (uh +vy)ul + ajvi + aju + a3vy + ajul
+ a3 (uy + ) + aguiuy + aquuyul + aj;viv) + ajsvy @ +vy)
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3 m 3 " " 3 .7
+ ayuiuy + aysuy (U3 + v3) + azsv, (u

+ ade (uf + vi)u

4

n"_ I
14

"

3

3 "o 7" 3
+ ajssvy vy (u3 + v3) +agysu

+ v + ajsus (u

"

"

5y

"

" "
1y (U3 + v3

1 1 1 1 1 1 1 1
=a+aju;+a,vy +azuy +a,vy +asus + a,vs +a;zuiy +apviv;

1 1 1 1 1 1 1 1
+aysuiuz + ajyV1v3 + (dg + azs)unuts + ayy V203 + (a7 + age + ag3s)uruaus

1 2./ 2./ 2.1 2.,/ 2./ 2.0 2 ] 2
t+apgviv2vs +ayuy + ayjvy +azuy + azvy +asuy + ayviayuguy + aipv v,

2 2 ’o 2 7 2 7 2 7. 2 2 2 A
+ (ag + ays)utu, + aj v v+ agsupuy +az,v,v3 + (a7 + aze +ayss)ug iy

2 ] 3. 3.7 3. 3./ 3. 3. 3 3
+ ajvivvs +ayuy +ajvy + au; +azv; +asuy +asvy + (ag +axyu
3 .m.n R/ 3 .mn.n 3. .m0 3
T+ a3V v,y + aysi iy + ajsV V3 + Qysiy Uy + azsv, U3

3 3 3 "
+ (a5 + ase + axs)u)

".on 3 "o
Uplty +ay350; V03

s
14y

",

(6.18)

Therefore f is in the equalizer of (6.13) iff the coefficients of facquiesce in the following

linear equations:

a{ =a12=a§=a? =a;,
ay=ay=aj=a; =aj,
d=d=d=di=al,
a214 = a315 = a§4 = ais’
“114 = “124 = a§5 = “?y
“112 = “%3 = “?3 = “;4’
a113 =a123,

a114:a§5,

a%s :ags’

“61 = ags - a315 = a%s - “214s
“2 = ags - “%4 = “114 - “%5’
ag = 0113 - a]33 = a,23 - aiu
a1124 + all6 = 0535 + a§6 + “3’
af34 + a§6 = 0245 + agb + 03,
alys + a3 = alys +ajs +ay,
“335 =“f34a

a§35 =af35,

31
Qyg5 = Aypg-

(6.19)
(6.20)
(6.21)
(6.22)
(6.23)
(6.24)
(6.25)
(6.26)
(6.27)
(6.28)
(6.29)
(6.30)
(6.31)
(6.32)
(6.33)
(6.34)
(6.35)
(6.36)

Thus we see that f is in the equalizer of (4.16) iff it is a linear combination of the following
linearly independent polynomials.
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1, (6.37)
X1+ +y2+2z1+ 22, (6.38)
X2 +x3+y3+ 23+ 24, (6.39)
X4+ X5+ Y4+ Y5 + 25, (6.40)
X6 + y3¥s + 2325, (6.41)
Y6 + X1X4 + 2225, (6.42)
Z6 +x1X3 + y13, (6.43)
X6 — XoX4 — X3X5 — Y3V4 — 2425, (6.44)
Yo — X1X5 — Y1Y4 — Y2¥5 — Z1Z5, (6.45)
Z6 — X1X2 — Y2¥3 — 2123 — 2224, (6.46)
X7 — Y7 — X1 X6, 6.47)
Y71 — 27 — Y36, (6.48)
27 — X7 — 25%6;, (6.49)
X7 = Y7+ Y2¥3¥5 + 212325, (6.50)
Y7 — 27 + X1 X2X4 + 222425, (6.51)
27 — X7 + X1X3X5 + Y1 Y3 V4. (6.52)

By writing out the multiplication table for (6.37-6.52), it is easy to see that

(6.38)(6.39) = (6.43) — (6.46), (6.53)
(6.38)(6.40) = (6.42) — (6.45), (6.54)
(6.39)(6.40) = (6.41) — (6.44), (6.55)
(6.38)(6.39)(6.40) = (6.50) + (6.51) + (6.52), (6.56)
(6.38)(6.41) = (6.50) — (6.47), (6.57)
(6.39)(6.42) = (6.51) — (6.48), (6.58)
(6.40)(6.43) = (6.52) — (6.49). (6.59)

Let’s compute the reduced Grobner basis of the ideal (x7, x3, x7, x7, x2, x2, X2, x2x3, X2Xs,
X3X4, X4X5, X2X6, X3X6, XaXe, X5X6, X1 X7, X2X7, X3X7, X4X7, X5X7, X6X7, Y1, Y3, V3, Vi, Y2, V2,
Y3, Y1325 V1Y Y2V4s YaYss Y1¥6s Y2Ye YaYes ¥sVer YIVT: Y212 Y3V7: YaY1s Ys¥1s Y612 21 23
232241 23, 2gs 231 2122, 21245 2223, 23245 21261 22265 2326 24265 21275 22275 23275 2427, 25275 26275
X1 Y1, X1Y2, X1Y3, X1 Y4, X1Y5, X1Y6, X1 Y7, X2YV1, X2Y2, X2Y3, X2 Y4, X2Y5, X2 Y6, X2 Y7, X3Y1, X3Y2,
X3Y3, X3Y4, X3Y5, X3Y6, X3Y7, X4 Y1, X4Y2, X4 Y3, X4 Y4, X4Y5, X4 Y6, X4Y7, X5Y1, X5Y2, X5Y3, X5)4,
X5Y5, X5Y6, X5Y75 X6 Y1, X6Y25 X6 Y3, X6 Y45 X6 Y5, X6 Y6, X6 Y75 X71Y1, X725 X7Y3, X7Y4, X7Y5, X7Y6,
X7Y7, Y121, Y1225 Y1235 Y124, Y125, Y1265 Y127, Y2215 Y222, Y223, Y224, Y225, Y2265 Y227, Y321,
Y322, Y323, Y324, Y325, Y3265 Y327, Y4Z1, Y422, Y423, Y424, Y425, Y426, Y427, Y521, Y5225 V523,
Y524, Y525, Y5265 Y527, Y6215 Y6225 Y6235 Y6245 Y625, Y6265 Y627, Y1215 Y1225 Y1235 Y1245 V7255
Y1265 Y7275 X121, X122, X123, X124, X125, X126, X127, X221, X222, X223, X224, X225, X226, X227,
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X321, X322, X323, X324, X325, X326, X327, X421, X422, X423, X424, X425, X426, X427, X521, X522,
X523, X524, X525, X526, X527, X6Z1, X622, X6%3, X624, X675, X626, X6Z7, X721, X722, X723, X724,
X725, X726, X727, X1+ Y1+ 2+ 21+ 2 —wi, X2+ X3+ y3+ 23+ 24 —wo, Xa + X5+ Y4+ ys +
75— W3, X6+ y3Y5 +2325 — W4, Yo+ X1X4+ 2225 — W5, 26+ X1 X3+ Y1 Y3 — We, X7 — Y7 — X1X6 —
W7, Y7 — 27 — Y3Y6 — W8, 27 — X7 — I526 — W9, X6 — X2X4 — X3X5 — Y3Y4 — 2475 — W10, Y6 —
X1X5 — Y1Y4 — Y2 Y5 — Z1Z5 — W11, Z6 — X1X2 — Y2 ¥3 — 2123 — 2224 — W12, X7 — Y7 + Y2 y3Ys5 +
212325 — W13, Y7 — 27 +X1X2X4 + 222425 — W14, 27 — X7+ X1 X3X5 + Y1 Y3 Y4 — wis) in the polyno-
mial algebra R[x|, x2, X3, X4, X5, X6, X7, Y1, Y2, Y3, Y4, Y5, Y6: Y75 215 225 23, 245 25, 265 27, W1,
Wy, W3, W4, W5, We, W7, W, Wo, Wig, W11, W2, W13, Wi4, Wis] with respect to the lexico-
graphic order z; > 2, > 23 > 24 > 25> 26 > 27> V1 > Y2 > Y3 > Y4 > V5 > Yo > Y7 >
X1 > X2 > X3 >X4>X5>Xg>X7>Wi5 > W4 > W3 > Wi > Wi > Wi > Wo > Wg >
w7 > We > Ws > Wy > W3 > Wy > wp, which goes as follows:
G = 2 02 2 2 2
= {wl, Wy, W3, WalWyg, W3Wy4, Wy, WjW5, W3W5, W4Ws5, Wy, W1 We, W2We, W4We,
2 2
W5We¢, Wg, Wi W7, WaW7, W3W7, WaW7, W5W7, WeW7, Wy, W Wg, WrWg, W3Wg, W4W3,
2
W5Wsg, WeWs, W7Wg, Wg, —WWrW3 + Wi W4 + WrWs + W3We + W7 + Wg + Wy,
WrW3 — Wq + Wi, —W W3 + Ws — Wy, WjW2 — We + Wiz, —W W4 — W7 + W3,
WrWs + Wg — W4, Wi WrW3 — Wi Wy — WaWs — W7 — Wy — Wis, W1X7, WrX7, W3X7,
2
WyX7, W5X7, WeX7, W7X7, WRX7, X7, W2rXe, W3Xe, W4Xe, W5X6, WeXg, W7X6, WeX6,
2 2
X6X7, Xg, W3Xs5, WeX5, W5X5, —W WrX5 + WeXs, W7Xs, WXs5, X5X7, X5X6, X5, W3X4,
2
W4X4, W5X4, WeX4, W7X4, WX4, X4X7, X4X6, X4X5, Xq, W2 X3, W3X3 — W2 X5, W4X3,
2
Ws5X3, WeX3, W7X3, W8X3, X3X7, X3X6, W2X5 — X3X5, X3X4, X3, WaXp, W3Xp — WaXy,
W4Xp, W5Xy — W W2X4, WeX2, W7X2, WX, X2X7, X2X6, X2X5, WaX4 — X2X4, X2X3,
2
Xy, WXL, WX — WXy — W1X3, W3X] — WijX4 — WiXs5, WaeX|] — W Xe, WsX|, WeX],
W7X1, WX1, X1X7, W1 X6 — X1X6, W1 X5 — X1X5, —W1X4 + X1 Xg, W X3 — X1 X3,
2
—wWiXy + X1X2, X1, W7 + WiXe — X7 + Y7, W1 Y6, W3Y6, WaYs, W5Y6, We Y6,
2
W7Y6, W8Y6, X7Y6, X6 Y6, X5Y6, X4Y6, X3Y6, X2Y6, X1Y6, Vg, W3Y5, W4Y5, W55,
2
WeYs, W7Ys5, WeYs, X7Y5, X6 Y5, X5Y5, X4Y5, X3Y5, X2Y5, X1Y5, Y565 V5,
— Wi WarwW3 + w1 Wy + W Ws + WiWrX5 — W1 Xg + WiW2Y4 — W2Y6, W34,
W44, W5Y4, —WWrW3 + W W4 + WrWs + W WaXs — WiXe + WeY4 — W2Ye,
2
W7Y4, WY4, X7YV4, X6 Y4, X5YV4, X4YV4, X3V4, X2V4, X1Y4, Y4Y6, Y4Y5, Y4, W2Y3,
W3y3 — Way4 — W2 Y5, W4Yy3, W5Y3 — W2 Y6, WeY3, W7Y3, WgY3, X7Y3, X6Y3, X5Y3,
2
X4Y3, X3¥3, X2Y3, X1 Y3, W2 Y6 — Y36, W2Y5 — Y3V5, —W2 Y4 + Y3V4, Y3, W1 Y2,
W3y — WiYs, —WaY2 + W W2 Ys, WsY2, WeY2, W7Y2, WY2, X725 X6Y25 X5Y2,
2
X4Y2, X3Y2, X2Y2, X125 Y2Y6, W1Y5 — Y2Y5, Y2 Y4, W2 Y2 — Y2V3, Vo, W1 Y1,

—Way; — W22 + W1Y3, W3Y1 — Wi Y4, WaY1, WsY1, WeY1, W71, WY1, X715

X6Y1s X5Y15 X4 Y1, X3Y1, X2 Y1, X1 Y15 Y1 Y65 Y155 W1 Y4 — Y1 Y4, W2 Y2 — W1 Y3 + Y1Y3,
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Yiy2, y12’ —W7 — Wg — WiXe + X7 — W2Ye — 27, We — W1X3 + W2y — W1 Y3 — Zg,
—w3 + x4+ X5+ ya + y5 + 25, wrz4,

WrW3 — Wy — WiX4 — WiX5 + X — WaY4 — W324, W4Z4,

WrWs5 — Wi WrX4 — W2Ye — W524, Wel4, W74, W4, X724, X624, X524, X424, X324,
X224, X124, Y624, Y524, Y424, Y324, Y224, Y124, Z?p —wy + X2+ X3+ Y3+ 23+ 24,

w122, —W2Z2 + WiZ4, —Ws + WiX4 + Y6 + W322, WaZ2, W5Z2, WeZ2, W72, W22,
X722, X622, X522, X422, X322, X222, X122, Y622, Y522, Y422, Y322, Y222, Y122,

W1Z4 — 2224y 25, — W1 + X1 + Y1 + Y2 + 21 + 22} (6.60)
Therefore we have

G N Rlwy, wy, w3, wa, ws, We, W7, Wg, Wo, Wig, W11, Wi2, W3, Wi4, Wis]
g2 2 2 2 2
= {wl, Wy, W3, Walg, W3Wy4, Wy, Wi W5, W3W5, WaWs5, Wy, W1 We, WrWe, W46, W5We,
2 2
Wg, W1W7, WaW7, W3W7, W4W7, W5W7, WeW7, W7, W] Wg, WrWg, W3Wg, W4W3,
2

W5Wg, WeWsg, W7Wg, Wy, —WWaW3 + W W4 + WaWs + W3We + W7 + Wg + Wy,
Wrw3 — Wy + Wip, —WW3 + Ws — Wy, W W2 — We + Wiz, —W W4 — W7 + W13,

WrWs + Wy — Wi4, W WrW3 — WW4 — Wals — W7 — Wy — W5}, (6.61)

which shows clearly that the variables wy, wig, w11, Wiz, w3, Wig, Wys are R-algebraically
redundant. The diagram (6.1) is now seen to be completed into the following limit diagram:

20,
“%2 3
91
USRI Weo PRSP
» 3
of o) (6.62)
22, 25
0[2 (13
23 23
PURSPDIS

where

2 2 2 2 2 2 2 2
Woo = Rlwy, wa, w3, wy, ws, we, wy, wgl]/{wi, wy, w3, wy, ws, wg, ws, Wy, Wi ws,

W1We, WaWy4, WaWe, W3Wy4, W3W5, W4W5, WalWe, W5We, W W7, W WS, WrW7,

WaWg, W3W7, W3Wg, W4W7, WaWg, W5W7, W5Wg, WeW7, WeWs, WIWS), (6.63)
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o1(wy) =x1, 1(w2) =x3 + x3, o1(w3) = x4 + x5, ¢1(wy) = x,

@1(ws) = x1 x4, @1(we) = x1X3, @1(w7) =x7 — X1X6, @1(ws) =0, (6.64)
@2(w1) = y1 + y2, @2 (w2) = y3, @2(w3) =ya +ys, @2(wa) = y3ys,
@2(ws) = ys, ©2(we) = Y13, 2 (w7) = —y7, @2(wg) =y7 — ¥3¥6, (0.05)
p3(wr) =z1 + 22, @3(wa2) =23 + 24, @3(w3) = zs, @3(ws) = z32s,

3(ws) = 2225, @3(we) = Z, @3 (w7) =0, @3 (wg) = —2z7. (6.66)

It remains to show that there is no R-algebraic redundance among the generators
wi+1, wy+ 1, ws+ 1, ws+ 1, ws+1, wg+ 1, w;+1,and wg+ I of W, where I is the ideal
(w}, w3, wi, wi, w2, wiw?, wi, wiws, Wi We, Was, WrWe, W3W4, W3Ws, Wals, W4WWsWe,
W1W7, WWg, WaW7, Wrlsg, W3W7, W3Ws, Wal7, Wi, WsW7, WsWs, WeW7, WeWs, W7Wg).

This goes as follows:

(6.67) The reduced Grobner basis of the ideal (w{, w3, w3, wows, W3ws, W, WiWs, W3Ws,
w4 Ws, wg, w1 We, WrWg, WaWe, W5We¢, wé, wiwy, wawy, wi3wy, wawy, Wwswy, WgWs,
w%, wiwsg, Wawsg, wWiwsg, wWawg, Wswg, WeWsg, W7Wsg, w§, v — W, UV — Wy, V3 — W3,
Vg — Wy, Vs — Ws, Vg — We, V7 — W7, Vg — Wg) in the polynomial algebra R[w;, w,, ws,
wy, Ws, We, W7, Ws, V1, U2, U3, Vg, Vs, Vg, U7, Ug] With respect to the lexicographic or-
derwg>w7>w6>w5>w4>w3>w2>w] > Vg > V7 > Vg >VUs5 >Vg >V3 >
Uy > Vg is g1 = {vf, v%, v%, VaV4, V34, vi, V1Vs5, V3Vs5, V45, v52, V1 Vg, V2V¢, V4V¢, V506,
Ué, V1V7, VU7, U3V7, UV4V7, U5V7, UgV7, U72, V1Vg, UpVg, U3Vg, U4Vg, U5Vg, Uglsg, U7Vg, vg,
V] — Wi, Vg — Wy, U3 — W3, Vg — Wy, V5 — W5, Vg — Wg, V7 — W7, Vg — lUg}, so that G; N
Rlvy, va, v3, V4, V5, Vg, U7, Ug] = {vf, v%, v%, Vo Ug, U304, vﬁ, V| Vs, U3Vs, V45, vg, V1 Vg,
VU Vg, V4Vg, VU5V¢, U%, V1V7, VU7, U3V7, UV4V7, U5V7, UeV7, U%, V1Vg, UVpVg, U3Vsg, UqVg,
UsVg, Uglg, U7Vsg, vg}. This means by Theorem 2.1 that wg + I is not R-algebraically
redundant among wy + I, wo+ 1, w3+ I, ws+ 1, ws+ 1, weg+ 1, w7+ 1 and wg+ 1.

(6.68) The reduced Grobner basis of the ideal (w}, w3, w3, waws, wywy, w3, W ws, W3Ws,
w4 Ws, wg, w1 We, WrWg, WaWe, WsWe¢, wé, wiwy, wawy, wiwy, wawy, wswy, WegWs,
w%, wiwsg, Wawsg, wWiwsg, Wawg, Wswsg, WeWsg, W7WSg, w%, UV — Wy, UV — W3, V3 — Wy,
V4 — Ws, Us — We, Vg — W7, V7 — Ws, Vg — W;) in the polynomial algebra R[w;, w,, ws,
wy, Ws, We, W7, Ws, V1, V2, U3, U4, Vs, Vg, U7, Ug] With respect to the lexicographic or-
der wg > w7 > We > Ws > Wy > W3 > Wy > W > Vg > Uy > Vg > Us > Uy > V3 >
V> isG = {vlz, v%, V1 V3, VU3, v%, Vo Ug, U304, vf, V| Vs, U3Vs, V45, vg, V] Vg, VaVg,
V3 Vg, V4Vg, U5V¢, Ug, V1V7, VU7, UV3V7, UV4V7, U5V7, Uel7, U%, V4Vg, V5Vg, Vplsg, U7Vg, vg,
Vg — Wi, V] — Wy, Uy — W3, V3 — W4, Vg — W5, Vs — We, Vg — W7, V7 — Wy}, SO that G, N
R[v1, v, v3, V4, U5, Vg, V7, V3] = {vf, v%, V| V3, VU3, v%, Vo Vg, U304, vf, V| Vs, U3Vs,
V405, Ug, V1 Vg, UV2Vg, U3Vg, U4Vq, VUs5Vg, Ug, v1V7, VU7, U3V7, V4V7, V5V7, VU7, U%, V43,
VsVg, Vglg, U703, vé}. This means by Theorem 2.1 that w; + [ is not R-algebraically
redundant among w + I, wo+ 1, w3+ 1, ws+ 1, ws+ 1, weg+ 1, w7+ 1 and wg+ 1.

(6.69) The reduced Grobner basis of the ideal (wf, w%, w%, WorWyg, W3Wy, wf, wiws, W3Ws,
w4 Ws, wg, w1 We, WrWg, WaWe, WsWe, wé, wiwy, wawsy, wiwy, wawyz, wswy, WegWs,
w%, wiwsg, Wawsg, WiWsg, Wawg, WswWsg, WeWsg, W7WSg, wé, V] — w3, V2 — W4, V3 — Ws,
V4 — Wg, Vs — W7, Vg — Wg, U7 — W1, Ug — Wy) in the polynomial algebra R[w;, w,, ws,
wy, Ws, We, W7, Ws, V1, V2, U3, U4, Vs, Vg, U7, Vg] With respect to the lexicographic or-
derwg>w7>w6>w5>w4>w3>w2>w1>v8>v7>v6>v5>v4>v3>
vy > isGy = {vf, vV Vy, v%, VU3, VU3, vg, Vo Ug, U304, vf, V1 V5, UpVs, U3Vs, UaVs, Ug,
V1 Vg, V2Vg, U3Vg, U4Vg, VUs5Vg, Ué, U3V7, V4V7, U5V7, Vg7, U%, U Vg, V4Vg, U5Vg, VsUg, vg,
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(6.70)

(6.71)

(6.72)

(6.73)

V7 — Wi, Vg — Wo, V] — W3, Uy — Wy, U3 — W5, U4 — Wg, V5 — W7, Vg — wg}, so that G3 N
Rlvy, v, v3, V4, Vs, Vg, U7, V3] = {vf, vV, v%, V1 V3, VU3, v%, Vo Vg, U304, UZ, v Vs,
U V5, U3Vs5, U4Vs5, U52, V1 Vg, UV2Vg, U3Vg, U4Vg, Us5V6, Ug, V3V7, V4V7, UV5V7, VeV7, U%, Uy Vg,
V4Vg, VsVg, Vgsg, vé}. This means by Theorem 2.1 that w, + [ is not R-algebraically
redundant among wy + I, wo+ 1, w3+ I, ws+ 1, ws+ 1, weg+ 1, w7+ 1 and wg+ 1.
The reduced Grobner basis of the ideal (wf, w%, w%, WorWyg, W3Wy, wf, wws, W3Ws,
w4 Ws, wg, w1 We, WrWg, WaWe, WsWe, wé, wiwy, wawy, wiwy, wawyz, wswy, WegWs,
w%, wiwg, Wrwsg, Wi3wg, WaWg, Wswsg, WeWg, W7Wsg, wé, V] — W4, V2 — W5, V3 — We,
V4 — W7, Vs — Wg, Vg — Wy, U7 — W2, Vg — W3) in the polynomial algebra R[w;, w,, ws,
wy, Ws, We, W7, Ws, V1, V2, U3, U4, Vs, Vg, U7, Ug] With respect to the lexicographic or-
derwg>w7>w6>w5>w4>w3>w2>w1>v8>v7>v6>v5>v4>v3>
vy > v IS Gy = {vlz, v Va, v%, V| V3, VU3, v%, V| Vg, U4, V304, vf, V1 Vs, UaVs5, U3Us,
V405, Ug, U2 Vg, U3Vg, U4Vg, UsVg, Ué, V1V7, U3V7, V4V7, U5V7, U%, V1Vg, VpUg, V4Vg, U5Vg,
U%, Vg — Wi, V7 — Wy, Ug — W3, U] — Wy, Uy — W5, V3 — We, Uy — W7, V5 — Wg}, SO that
Gs N Rlvy, v2, v3, v4, Vs, V6, V7, Ug] = {V], V1V2, V3, V13, V203, V3, V) V4, V204, V304,
Uﬁ, V1 V5, Up V5, U3V5, U4V5, Ug, VU Vg, U3Vg, U4V, U5V¢, U%, v1V7, UV3V7, U4V7, U507, U%,

v vg, vzvg,v4vg,v5vg,v§}. This means by Theorem 2.1 that w; 4+ I is not R-
algebraically redundant among w4+ 1, wo+ 1, w3+ 1, wa+ 1, ws+ 1, we+ 1, w;+1
and wg + 1.

The reduced Grobner basis of the ideal (w?, w3, w3, waws, wywy, w3, W ws, W3ws,
w4 Ws, wg, w1 We, WrWg, WaWe, WsWe¢, U)é, wiwy, wawsy, wi3wsy, wawy, Wwswy, WegWs,
w%, wiwsg, Wawsg, wWiwsg, Wawg, Wswsg, WeWsg, W7W3g, w%, Vv — W5, UV — We, V3 — W7,
Vg — Wg, Us — Wy, Vg — Wo, V7 — W3, Ug — W4) in the polynomial algebra R[w;, w,, ws,
wy, Ws, We, W7, Ws, V1, V2, U3, V4, Vs, Vg, U7, Ug] With respect to the lexicographic or-
der wg > w7 > We > W5 > Wy > W3 > Wy > W > Vg > U7 > Vg > Us > Uy > V3 >
vy > vy IS Gs = {vf, v Uy, v%, V1 V3, VU3, v%, V| Vg, VU4, V304, vf, V| Vs, UaVs, U3Vs,
V4 Vs, Ug, VU Vg, U3Vg, U4Vg, Ug, V1V7, UV3V7, UV4V7, U%, V1Vg, UVpVg, U3Vg, U4Vg, Vslsg, U7Vg,
vg, Vs — Wi, Vg — Wy, U7 — W3, Ug — Wy, U] — W5, Uy — Wg, U3 — W7, V4 — Wg}, SO that
Gs N Rlvy, v2, v3, v4, Vs, V6, V7, Ug] = {v7, V1v2, V3, V13, V203, V3, V) V4, V204, V304,
V2, V1 Vs, V2Vs, V3Vs, Vas, V2, V20, V3V, VaVs, Vg, U1V7, V37, V47, V3, V1 Vs, VaUs,
V3Vg, v4vg,v6vg,v7vg,v§}. This means by Theorem 2.1 that wy + I is not R-
algebraically redundant among wy + 1, wo+ 1, w3+ 1, wa+ 1, ws+ 1, we+1, w7+ 1
and wg + 1.

The reduced Grébner basis of the ideal (w}, w3, wi, waws, wiws, w3, wiws, W3ws,
w4 Ws, wg, w1 We, WrWg, WaWe, W5We¢, wé, wiwy, wawy, wi3wy, wawy, Wwswy, WgWs,
w%, wiwsg, Wawsg, wWiwsg, Wawg, Wswsg, WeWsg, W7Wg, w%, V1 — We, UV — W7, V3 — Wsg,
Vg — Wy, Vs — Wy, Vg — W3, V7 — Wy, Vg — Ws) in the polynomial algebra R[w;, w,, ws,
wy, Ws, We, W7, Ws, V1, U2, U3, Vg, Vs, Vg, U7, Ug] With respect to the lexicographic or-
derwg>w7>w6>w5>w4>w3>w2>w] > Vg > V7 > Vg >VUs5 >Vg >V3 >
Uy > Vg is Q}, = {vf, V102, v%, V13, VU3, v%, V1V4, V2V4, V304, vf, V1 V5, U V5, U3 V5, Ug,
VU Vg, U3 Vg, Ué, v1V7, VU7, UV3V7, U5V7, UgV7, U%, V1Vg, UVpVg, U3Vg, U4Vg, Vglsg, U7Vg, vg,
V4 — W1, Vs — Wo, Vg — W3, V7 — Wy, Vg — W5, V] — Wg, Uy — W7, U3 — lUg}, so that Gg N
Rlvy, v, v3, V4, Vs, Vg, U7, V3] = {vf, vV, v%, V1 V3, VU3, v%, V| Vg, Va4, V304, vf,
V1Vs5, UpV5, U3 V5, U52, VU Vg, U3 Vg, U%, v1V7, VU7, UV3V7, U5V7, UeV7, U%, V1Vg, UVpVg, U3Vg,
V4Vg, Vglg, U7Vg, vé}. This means by Theorem 2.1 that ws + I is not R-algebraically
redundant among wy + I, wo+ 1, w3+ I, ws+ 1, ws+ 1, wsg+ 1, w7+ 1 and wg+ 1.
The reduced Grébner basis of the ideal (w?, w2, w?, wawy, w3ws, w3, wiws, waws,
w4 Ws, wg, w1 We, WrWg, WaWe, WsWe, wé, wiwy, wawsy, wiwy, wawyz, wswy, WegWs,
w%, wiwsg, Wawsg, Wiwsg, Wawsg, Wswsg, WeWs, W7WSg, wé, v — wy, V2 — Wg, V3 — Wi,
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Vg — Wy, Us — W3, Vg — W4, V7 — Ws, Vg — We) in the polynomial algebra R[w;, w,, ws,
wy, Ws, We, W7, Ws, V1, U2, U3, Vg, Vs, Vg, U7, Ug] With respect to the lexicographic or-
derwg>w7>w6>w5>w4>w3>w2>w1>v8>v7>v6>v5>v4>v3>
Uy > Vg is 97 = {Ulz, V1V, U%, V1v3, VU3, U%, V1V4, VU4, Uz, V1Vs5, Va5, U?, V1 Ve, V2V¢,
V4Vg, VsVs, VZ, V107, Va7, V3V7, VsV7, Vg7, V2, V) Vg, Vals, V3Vs, V4V, Uels, V7Vs, Vg,

V3 — Wy, U4 — Wy, Us — W3, Vg — W4, V7 — W5, Vg — We, V] — W7, V2 — Wg}, SO that G; N
R[vy, v, v3, V4, U5, Vg, V7, V3] = {vlz, vV, v%, V| V3, VaV3, v%, V| Vg, Va4, UZ, v Vs,
Uy Vs, U%, V1 Vg, UV2Vg, U4Vg, UsVg, U%, v1v7, VU7, V3V7, V5V7, Vg7, U%, V1vg, VpUg, V3Vg,

V4Vg, Vglg, U7Vg, vg}. This means by Theorem 2.1 that we + I is not R-algebraically
redundant among wy + I, wo+ I, w3+ I, ws+ 1, ws+ 1, wg+ 1, w;+1 and wg+ 1.

(6.74) The reduced Grobner basis of the ideal (w{, w3, w3, waws, W3wy, W, Wi Ws, W3Ws,

w4Ws, wg, wWi1We, WaWg, WalWe, W5We, wé, wiwy, Wwawsr, wiwsy, wawy, Wwswy, W7,
w%, wiwg, Wawsg, wWiwg, wWwawg, Wswsg, WegWsg, W7Wg, w§, v — wg, V) — W, V3 — W),
Uy — W3, Us — Wy, Vg — W5, V7 — We, Vg — Wy) in the polynomial algebra R[w;, w,, ws,
Wy, Ws, We, W7, Ws, V1, V2, U3, V4, Vs, Vg, V7, V3] With respect to the lexicographic or-
derwg>w7>w(,>w5>w4>w3>w2>w1>vg>v7>v6>v5>v4>v3>
Uy > Vg is gg = {1)12, V1V2, v%, V1V3, U%, V1 V4, Ui, V1Vs5, V3Vs5, V45, l)52, V1 V¢, V2V¢, V4V¢,
V5Vg, Ué, v1v7, VU7, U3V7, U5V7, UgV7, U72, V1Vg, UpVg, U3Vg, U4Vg, U5Vg, Uglsg, U7Vg, vg,
Uy — Wy, U3 — Wy, Vg — W3, V5 — Wy, Vg — W5, V7 — We, Vg — W7, V] — Wg}, SO that Gg N
R[v1, v2, V3, Vs, Vs, Vg, V7, V5] = {v}, 0102, V3, V13, V3, V1 V4, V3, V1 Vs, V3Vs, Va5, V2,
V1 Vg, U2 Vg, U4V, Us5V¢, Ué, v1V7, VU7, UV3V7, U5V7, Vg7, U%, V1Vg, UVpVg, UV3Vg, U4Vg,
UsVg, Vglg, U703, vé}. This means by Theorem 2.1 that w; + I is not R-algebraically
redundant among wy + I, wy + I, ws+ I, wy+ I, ws+ 1, we+ I, w7+ I and wg+ I.
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